Abstract. The similarity submodules for various lattices and modules of interest in the crystal and quasicrystal theory are determined and the corresponding semigroups, along with their zeta functions, are investigated. One application is to the colouring of crystals and quasicrystals.
Introduction
The symmetries of crystals or, more generally, of geometric objects with translational degrees of freedom, have been studied for ages and are well understood 29] . Recently, much attention has been given to generalizations to non-periodic objects with long-range orientational order, such as quasicrystals or non-periodic tilings and Delone sets 18, 28, 9, 25, 24, 22] . Here, the situation is very di erent and the development of symmetry as a mathematical tool in the theory is only in its infancy. In this case, it is well known that the objects to be called symmetries should not be restricted to usual point symmetries (i.e., to sets of isometries that x a special point, such as the icosahedral group, say). In fact, without giving up invertibility (i.e., without leaving the environment of groups), one often nds a generalized type of symmetry called in ation/de ation symmetry. This is usually described in terms of similarity transformations that map a given discrete structure or Delone set to itself or to a locally equivalent one, see 18, 9, 28] for details.
At this point, a closer examination shows that the group structure actually results in a frame that is too rigid to access the full symmetry, or the full algebraic structure, of the objects under investigation. In fact, it is very natural to relax invertibility and extend the setting to that of semigroups where one asks for a certain class of operations that map the given structure into, but not necessarily 1991 Mathematics Subject Classi cation. Primary: Secondary: c 0000 American Mathematical Society 0000-0000/00 $1.00 + $.25 per page onto, itself { with the \classical" symmetries forming a subgroup. Although this sounds rather straightforward, it has not been systematically attempted to our knowledge, and certainly not in the context of non-periodic crystals where it turns out to be rather important. Semigroups seem to be particularly useful for a better understanding of the in ation structure (e.g., in connection with the generation of such Delone sets and their Fourier transforms 6]), or for the classi cation of invariant sublattices and submodules together with their colour symmetries 29, 4, 16, 17, 22, 5, 7] .
It is the aim of this illustrative contribution to begin to develop this structure, exemplifying the intricacies of the structures that can arise with a number of relevant examples in two and three dimensions. Further development of these ideas, together with a treatment of the 4D case, will appear in a forthcoming publication.
De nitions and Preliminaries
We are interested in Z-modules M of nite rank in Euclidean space R n and the set of all a ne similarities of R n that map M into itself. We do not assume that the Z-rank r of M is the same as the dimension n of the ambient space R n , but we will assume that M spans R n , and hence r n. If M happens to be discrete (and hence r = n), we call it a lattice. An a ne self-similarity is, by de nition, a non-singular mapping f : x 7 ! Rx + a (2.1) of M into itself where R 2 O(n; R), 2 R = Rnf0g (the in ation factor), and a 2 R n (the translational part). As it contains 1, S(M) is actually a monoid, but we will usually speak of semigroups in any case. Note that the semi-direct product structure is directly inherited from the group of all a ne transformations inside which all our semigroups live.
Obviously, the main interest is in the subsemigroup L = L(M): L decomposes into L + and L ? , the orientation preserving and reversing elements, respectively. In what follows in this section, we deal with all of L, but it is obvious that all the constructions work also for L + as well. Later in the paper (starting with the section on two-dimensional examples) we will nd it convenient to restrict our attention to L + . The extension to the full semigroup L is then an easy extra step. If f 2 L, then f(M) is a subgroup of M and also a Z-module of rank n. We call these subgroups the similarity submodules of M. given by (det ) and j det j, respectively, where denotes composition of mappings. We use the index map to produce the decomposition
where L k denotes the set of self-similarities which map M onto a submodule of index k. By the way, one should be aware that det(f) := det( R) (see (2.1)) and det( (f)) (see (2.4) ) are, in general, completely di erent (unless r = n).
We evidently have L k L` L k`. Of course, L 1 is the set of isometries of M, and hence is a group. We call this the group of units of L. Obviously, it is the unique maximal subgroup of L. We will see that, in many cases, we can give an explicit description of the zeta functions of our semigroups.
Examples in One Dimension
The simplest possible example is the set of integers, Z, seen as a lattice in 1D Euclidean space. The possible sublattices are nZwith n 2 N, and they are obviously similarity sublattices, all with the same point symmetry, C 2 . Consequently, the semigroup of linear self-similarities is simply (Znf0g; ). To simplify notation, we introduce Z := Znf0g (3.1) and similarly for other sets.
Evidently, we get L n = f ng, L 1 = f 1g ' C 2 , and L n = nL 1 . But more can be said since Z is a ring. There is precisely one sublattice of index m for each m 2 N, and these sublattices are actually the nonzero ideals of the ring Z, i.e., all the nonzero subgroups a Z with ka a for all k 2 Z. The set of nonzero ideals itself forms a semigroup I under multiplication and I is isomorphic to (N; ). Since L is commutative, the set of right cosets L is also a semigroup in the obvious way, and in fact the one-to-one correspondence of L and the set of similarity submodules is an isomorphism of L and I. We 
The zeta function of L(Z) is precisely the same as the zeta function of the rational eld Q { that is, the ordinary Riemann zeta function 1, 12] : 
where h i denotes the cyclic monoid generated by set enclosed in the brackets. Other modules of interest, such as Z p 2] etc., can be treated in the same fashion. With these simple examples in mind, we can now move on to the investigation of more interesting and relevant cases in two dimensions.
Examples in Two Dimensions
The simplest planar case is that of the square lattice, Z In fact, for almost all n, the ideal class number is larger than 1 Let us instead turn to three dimensions where things become more complicated because the rotation group SO(3) is not Abelian.
Examples in Three Dimensions
In 3-space, the (orientation preserving) similarity transformations have the form with m di erent colours such that one colour occupies a similarity sublattice of index m while the others code the cosets. Note that this arrangement possesses a colour symmetry in the sense that any rotation of SO(3; Z) or its conjugate under the similarity transformation, followed by a suitable permutation of the colours, maps the coloured lattice onto itself.
Let us summarize our ndings as follows. The actual calculation of (R) (and hence that of (R)) is a bit tricky and requires the knowledge of the ideal structure of the icosian ring 21, 24] . The latter enters through Cayley's parametrization of SO(3; Q( ))-matrices 3]. Details of this, and an extension of this analysis to four dimensions, will be given in a forthcoming publication.
Let us nevertheless present the statistics of the similarity submodules of index m in form of the zeta function or Dirichlet series generating function, In this 3D case, it is more di cult to specify relevant common properties that allow for a generalization similar to that of Theorem 4.3. Clearly, there is no obvious ring structure connected with R 
